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We demonstrate the general principle which states that a dissipationless spin current flows be-
tween two coupled ferromagnets if their magnetic orders are misaligned. This principle applies
regardless the two ferromagnets are metallic or insulating, and also generally applies to bulk mag-
netic insulators. On a phenomenological level, this principle is analogous to Josephson effect, and
yields a dissipationless spin current that is independent from scattering. The microscopic mecha-
nisms for the dissipationless spin current depend on the systems, which are elaborated in details. A
uniform, static magnetic field is further proposed to be an efficient handle to create the misaligned
configuration and stabilize the dissipationless spin current.
PACS numbers: 85.75.-d, 03.75.Lm, 75.10.Jm, 75.50.Ee
I. INTRODUCTION
The basic principle of spintronics is to utilize spin
current1 to transport information. Various mechanisms
such as spin field effect transistor (spin-FET)2, spin-
transfer torque3,4, spin pumping5, and (inverse) spin Hall
effect6–10 have been proposed to generate, control, and
detect the spin current, which made designing practical
devices a reality. The spin current generated by these
means is dissipative, i.e., a certain way of energy delivery
is necessary to maintain the spin current. On the other
hand, mechanisms for dissipationless spin transport have
been proposed. For instance, a dissipationless spin cur-
rent can be generated by an external electric field via
intrinsic spin Hall effect11,12. Another intensively stud-
ied example are the helical edge states in quantum spin
Hall systems13–16 and topological superconductors17–19,
which consist of dissipationless counterpropagate of op-
posite spins.
Another category of dissipationless spin transport
is the spin Josephson effect proposed for various
junctions20–28 and measured in 3He-B through narrow
apertures29,30. The general feature is that by coupling
two systems that have SO(3)-breaking order parameters,
a spontaneous spin current Js ∝ sin θ flows across the
junction, where θ is the angular difference of the two
order parameters. A natural consequence of this spin
supercurrent in junctions made of magnetic metals, in
combination with the continuity equation, is the preces-
sion of the magnetization due to the fact that a spin
supercurrent transfers angular momentum25,26,31. This
precession, which will be called ”Josephson precession”
throughout this article, serves as a new mechanism for
the magnetic order parameters to spontaneously precess.
In this article, we demonstrate that a dissipationless
spin current flows between two coupled ferromagnets
when their magnetic order parameters are misaligned,
regardless the two ferromagnets are metallic or insulat-
ing. We show that, as long as the coupling between the
two ferromagnets has the generic form
H = JeffSL · SR (1)
where SL/R is the magnetic order parameter and Jeff
is the effective coupling, a dissipationless spin cur-
rent occurs when SL and SR are misaligned. On a
phenomenological level, the dissipationless spin current
Js = −∂Eb/∂θ can be derived from the commuta-
tion relation32 [θ, SyL] = − [θ, SyR] = i, where Eb =
Jeff 〈SzL〉〈SzR〉 cos θ is the bound state energy stored in the
system. This current-bound state relation is completely
analogous to that in the Josephson effect, from which it
is also concluded that this spin current is independent
from scattering. On the microscopic level, the precise
mechanism for the dissipationless spin current depends
on the metallic or insulating nature of the two systems
and their interface, which also determines if the dissi-
pationless spin current is a equilibrium persistent cur-
rent or a supercurrent carried by a certain condensate33.
These microscopic mechanisms will be elaborated in de-
tails. Besides two coupled bulk systems, this misalign-
ment principle also applies to a bulk magnetic insulator,
and accounts for the spin supercurrent described by the
vector chirality Si × Si+134–36.
The central issue in experimentally realizing the dis-
sipationless spin current is, of course, how to create the
misaligned configuration between SL and SR, especially
the misalignment means that they are not in the ener-
getically most favorable configuration (which would be
parallel or antiparallel, depends on the sign of Jeff ).
This motivates us to study the effect of magnetic (B)
field. We show that a uniform, static B field is an ef-
ficient handle to create the misalignment between mag-
netic order parameters. In systems where the effective
coupling is antiferromagnetic (AF), Jeff > 0, Larmor
precession and Josephson precession are in opposite di-
rections, hence the misalignment and the dissipationless
spin current can be created by a B field in equilibrium,
such as in a canted AF insulator. In addition, if the
magnetization of a magnet is strongly pinned by shape
anisotropy, one can coupled it to a misaligned magneti-
2zation by attaching it to a normal metal, and then use
B field to magnetize the normal metal. An additional
advantage of B field is that, a strong enough B field
can fix the direction of magnetization against Josephson
precession, hence stabilize the polarization of the dissi-
pationless spin current. Moreover, applying B field in
magnetic insulators with noncollinear order changes the
vector chirality34–36, and yields a spin supercurrent that
can flow out of the system. We give concrete examples
for above mechanisms and estimate the realistic values of
dissipationless spin current, together with experimental
proposals to indirectly measure the dissipationless spin
current.
The structure of the paper is the following.
Sec. II addresses the dissipationless spin current in
the ferromagnetic metal/insulator/ferromagnetic metal
(FMM/I/FMM) junction, and a corresponding two-spin
phenomenological description. Sec. III gives the mech-
anism for dissipationless spin current in the ferromag-
netic metal/ferromagnetic insulator (FMM/FMI) junc-
tion. Sec. IV addresses the FMI/superconductor/FMI
(FMI/SC/FMI) junction and the related FMI/normal
metal/FMI (FMI/N/FMI) junction. Sec. V connects our
analysis to the canted AF state due to magnetic field.
The same analysis is further generalized to ferromagnetic
(FM) or AF spirals in Sec. VI. The results are summa-
rized in Sec. VII.
II. FMM/I/FMM JUNCTION
We now address FM metal/insulator/FM metal
(FMM/I/FMM) junction as the first realization of the
misalignment principle. This type of junction has been
studied in Ref. 21, and reanalyzed in Ref. 39 in a dif-
ferent reference frame. We follow Ref. 39 since the rela-
tion between precession of the spins and the commuta-
tion relation is more transparent in this formalism. To
be consistent with the rest of the paper, we choose the
coordinate such that the relevant commutation relation
is [θ, Sy] = i, instead of [θ, Sz ] = i in Refs. 21 and 39.
Starting from the mean field treatment of Hubbard in-
teraction in bulk FMM
Un↑(r)n↓(r)→ −c†↑(r)c↓(r)∆(r) − c†↓(r)c↑(r)∆(r)† (2)
where ∆† = U〈S+〉 = U〈Sz + iSx〉 = U〈c†↑c↓〉, and we
choose the spin quantization axis to be along yˆ. The
magnetization lies in the SzSx-plane with an angle θ that
also determines the phase of ∆ = |∆|eiθ. We can directly
utilize the formalism in Ref. 21 to calculate the spin cur-
rent by setting m = (2U/3)〈Sz〉 = 0 therein. Consider
magnetizations on the two sides have the same magni-
tude |∆L| = |∆R| = |∆| but are misaligned by an angle
θ = θL − θR. The spin supercurrent due to coherent
tunneling of 〈c†↑c↓〉 is
Jys =
1
2
〈N˙L↑ − N˙L↓〉 = |T |
2
2
S(0, |∆|) sin θ
= Jy0s sin θ = NL〈S˙yL〉 = −NR〈S˙yR〉 (3)
where |T |2 represents the tunneling amplitude, and NL
and NR are total number of sites on each side of the
junction. The function S(a, b) satisfies S(a, 0) = 0 and
S(0, b) 6= 0. By integrating Eq. (3), the free energy
of the junction is precisely described by the two-spin
model in Eq. (1), with F = 〈H〉 = Jeff 〈SL · SR〉,
Jeff = |T |2S(0, |∆|)/2|SL||SR|, and Jys = −∂F/∂θ. This
is analogous to the relation between Josephson current
and Andreev bound state energy37 I = −∂Eb/∂φ, where
φ is the phase difference between the two superconduc-
tors. From the analogy to Josephson effect, it is also
clear that this dissipationless spin current is an equilib-
rium current independent from scattering.
The physical picture of the spin supercurrent is more
transparent within the superfluid description formulated
in Ref. 39. Within this description, the magnetization
∆ ∝ ψ = |ψ|eiθ is treated as a macroscopic condensate.
The phase θ of the condensate is also the (local) angle of
the magnetization, so the misaligned magnetizations in
the two FMM’s have different phases. Inside the insulator
0 ≤ x ≤ L, the proximity-induced magnetization gradu-
ally rotates to connect the two bulk magnetizations40
ψ(x)
ψ∞
= (1− x
L
) +
x
L
eiθ , (4)
where ψ∞ is the bulk order parameter, as shown in
Fig. 1(a). This gradual rotation yields a gradient in ψ(x)
and hence the supercurrent in Eq. (3). Thus the super-
current can be viewed as originating from the proximity-
induced phase gradient of the magnetization, and the
supercurrent is carried by the magnetic condensate |ψ|2,
analogous to the charge supercurrent carried by Cooper
pairs in a superconductor. The gradual rotation of mag-
netization should be measurable by polarization-sensitive
probes such as optical Kerr effect41, Lorentz transmission
electron microscopy42, or magnetic transmission soft X-
ray microscopy43.
Since the magnitude of the order parameters 〈Szi 〉 re-
mains constant but 〈Syi 〉 changes with time, the two or-
der parameters are expected to precess around a com-
mon axis. The angle between 〈SL〉 and 〈SR〉 remains un-
changed if there is no damping. This Josephson preces-
sion can be seen from the exact solution of the equation of
motion derived from Eq. (1): consider 〈SzL〉 = 〈SzR〉 = S
and defining the axis of precession as zlab-axis, the so-
lutions are 〈SxL(t)〉lab = S sin(θ/2) cosωt, 〈SyL(t)〉lab =
S sin(θ/2) sinωt, and 〈SzL(t)〉lab = S cos(θ/2) from a
lab observer’s point of view, with angular velocity ω =
2JeffS cos(θ/2). In a realistic FMM/I/FMM junction,
however, this Josephson precession is unlikely to be ob-
served due to magnetic anisotropy or dipole-dipole inter-
action. To see this, one can estimate the spin supercur-
rent by assuming the junction size ∼ 1µm3, |T | ∼ 1meV,
3FIG. 1: (color online) (a) The FMM/I/FMM junction stud-
ied in Sec. III. Blue arrows in the insulating region indicate
proximity-induced magnetization. (b) Proposed realization of
FMM/I/FMM junction. A normal metal is attached to a thin
FMM film whose magnetization SR is parallel to the interface
because of strong shape anisotropy (top panel). In the pres-
ence of a B field that is smaller than the anisotropy field of
the FMI, a magnetization SL ‖ B is induced in the normal
metal (bottom panel). The misalignment can be adjusted by
the B field.
∆ ∼ 10−1eV, density of states NF ∼ 1/eV. Adopt-
ing the formula for the critical charge current44 but re-
place 2e → ~, one obtains I0s = ~
(
π2N2F∆|T |2N/~
) ∼
1015~/s, where N ∼ 106 is number of cross section chan-
nels by assuming lattice constant a ∼ 1nm. This yields
Jeff ∼ 10−9eV for the corresponding two-spin model
and the precession period ∼ 10−6s. However, the dipole-
dipole energy for one spin on the right due to its neighbor-
ing spins is typically U intradip ∼ 10−5eV≫ Jeff , which can
easily suppress the precession. Moreover, it is unlikely
to have a bulk magnetization that can remain isotropic
down to energy scale Jeff ∼ 10−9eV, which is necessary
for the precession. As a result, the order parameters
remain static 〈dSi/dt〉 = 0. Nevertheless, the dissipa-
tionless spin current Jys = −∂F/∂θ due to the phase
difference still occurs, although the torque it transfers is
canceled by the dynamics due to anisotropy field, so the
spins remain static.
A uniform B field can be used to induce the misalign-
ment of magnetizations in a FMM/I/FMM junction. In
the experiment proposed in Fig. 1(b), a normal metal is
attached to a thin FMM film whose magnetization SR
points parallel to the interface because of strong shape
anisotropy. A B field smaller than the anisotropy field
of the FMM is applied, which induces a magnetization
SL ‖ B in the normal metal that is misaligned with SR.
Both SL and the misalignment angle θ, and hence the
magnitude of the spin supercurrent, can be arbitrarily ad-
justed by the B field. The spins remain static in equilib-
rium, but the dissipationless spin current Jys = −∂F/∂θ
still occurs as long as SL and SR are misaligned. The
torque transferred by the spin current is canceled out by
the Larmor precession.
III. FMM/FMI JUNCTION
In this section, we demonstrate that a FMM/FMI
junction also has spontaneous dissipationless spin cur-
rent when the magnetic moments are misaligned. It has
been shown that in such a junction, magnons excited in
the FMI transfers into the FMM as a dissipative spin
current45,46. Here we consider a different situation that
no magnons are excited in the FMI, but the its static
magnetic moment is misaligned with that of the FMM.
It will be shown that the Landau-Lifshitz type of dy-
namics at the interface causes a persistent spin current
flowing into the FMM.
Consider a FMM occupying the space −dS ≤ x ≤ 0,
which interacts with an atomic layer of FMI at x = 0 via
a s− d type interaction. Alternatively, the FMI can also
occupy the whole x > 0 space, which does not alter our
conclusion. Denoting the momentum perpendicular and
parallel to the interface to be kx and k‖, the Hamiltonian
is
H = H0 +HI ,
H0 =
∑
kxk‖σ
ξkxk‖σc
†
kxk‖σ
ckxk‖σ
HI = ΓSR ·
∑
yz
c†0yzασαβc0yzβ
= Γ
(
aS
dS
)
SR ·
∑
k1xk2xk‖
mk1xk2xk‖ (5)
where aS is the lattice constant, c0yzα is the electron
annihilation operator at the interface r0 = (0, y, z),
mk1xk2xk‖ = c
†
k1xk‖α
σαβck2xk‖β, , ξkxk‖σ is the energy
of electron with momentum (kx,k‖) and spin σ, and Γ is
the s− d coupling. The spin current operator is
Js = 〈Jˆs〉 = 1
2
d
dt
∑
k
〈mkxkxk‖〉 =
i
2
〈
[
HI ,
∑
k
mkxkxk‖
]
〉
= Γ
(
aS
dS
) ∑
k′
x
kxk‖
〈SR ×mk′
x
kxk‖〉 (6)
Now consider the magnetization of FMM to be along
zˆ direction m =
∑
kxk‖
mkxkxk‖ = (0, 0,m
z), but the
magnetization of the FMI points along a different direc-
tion SR = (S
x
R, S
y
R, S
z
R) = (S sin θ, 0, S cos θ), as shown in
Fig. 2(a). Equation (6) then resembles a Landau-Lifshitz
type of dynamics that is a natural consequence of the
s−d coupling and the misaligned magnetizations. In the
configuration shown in Fig. 2(a), only Jys is nonzero
Jys = −Γ
(
aS
dS
)
Smz sin θ (7)
which can be mapped into that produced by the two-spin
model discussed in Sec. II,
Heff = Jeff (SR · Sm)
S˙m = Jeff (SR × Sm) (8)
4where Jeff = 2Γ (aS/dS), Sm = m/2, and S˙m is again
calculated from the commutation relation [θ, Sy] = i.
The effective coupling Jeff apparently depends on the
thickness dS of the FMM. For a FMM of size dS ∼ µm,
aS ∼nm, and Γ ∼ 0.1eV, one obtains Jeff ∼ 10−4eV.
Similar to the proposal in Sec. III, a B field can be
used to induce the misalignment of magnetizations in the
FMM/FMI junction. As indicated in Fig. 2(b), a normal
metal is attached to a thin FMI film whose magnetiza-
tion SR is again pinned by strong shape anisotropy. A B
field induces a magnetization m ‖ B in the normal metal
that is misaligned with SR.
FIG. 2: (color online) (a) The FMM/FMI junction studied
in Sec. IV. The magnetization m of the FMM (blue arrow) is
misaligned with magnetization SR in the FMI (orange arrow)
by an angle θ. (b) Proposed realization of FMM/FMI junc-
tion. A normal metal is attached to a thin FMI film whose
magnetization SR is parallel to the interface because of strong
shape anisotropy (top panel). In the presence of a B field that
is smaller than the anisotropy field of the FMI, a magnetiza-
tion m ‖ B is induced in the normal metal (bottom panel).
The misalignment can be adjusted by the B field.
IV. FMI/SC/FMI AND FMI/N/FMI JUNCTION
Another realization of the two-spin model in Sec. II is
by sandwiching a type I s-wave SC between two FMI’s
(FMI/SC/FMI), as shown in Fig. 3. The effect on SC has
been considered long ago by de Gennes47, and confirmed
in the measurements of critical temperature reduction in
FeNi/In/Ni48 and Fe3O4/In/Fe3O4
49 junctions. Follow-
ing Ref. 47, we consider the thickness of SC to be smaller
than its coherence length dS < ξ0. The electrons in the
last atomic layer of SC interact with the two atomic layers
of FMI’s via s−d coupling ΓSi ·Se, where Si is the mag-
netization of the atomic layer per unit cell, i = {L,R},
and Se is the electron spin. For |SL| = |SR| = S, the
average B field as seen by the conduction electron in the
SC region is then
h(θ) = 2ΓS
(
aS
dS
)
cos
θ
2
, (9)
where aS is the lattice constant of SC along the direction
of the junction, and θ is the relative angle on SxSz-plane
between magnetization on the left and right. The factor
aS/dS characterizes the extension of magnetic coupling
at the FM/SC interface into the SC. The condensation
energy then changes according to47
ES(θ)− EN = N(0)
[
−1
2
∆2 + h(θ)2
]
= Jeff 〈SL · SR〉+ const. (10)
where N(0) is the density of states at the Fermi sur-
face, ∆ is the SC gap, and Jeff = 2|Γ|2 (aS/dS)2N(0)
is the effective AF coupling after mapping to the two-
spin model described by Eq. (1). Eq. (10) is valid
for h0 = h(θ = 0) < ∆/
√
2. For junctions with
h0 > ∆/
√
2, there exists a critical angle θc beyond which
SC is destroyed,47 so Eq. (10) is valid only for θ < θc in
this case.
We shall prove now that a dissipationless spin current
flows through the SC when the magnetizations in the two
FMI’s are misaligned. Denoting the momentum parallel
to the interface to be k‖ and assuming the energy along
the junction is quantized and labeled by n, the argument
in Ref. 47 implies the coupling at the two interfaces ex-
tends into the bulk SC
HI = Γ
∑
yz
[
SL · c†0yzασαβc0yzα + SR · c†NyzασαβcNyzα
]
= Γ
(
aS
dS
)
(SL + SR) ·
∑
nk‖
mnnk‖ (11)
where c0yzα and cNyzα are electron annihilation opera-
tors at the left and right interfaces, respectively. cnk‖α is
the electron annihilation operator of energy level n and
momentum k‖, and mnnk‖ = c
†
nk‖α
σαβcnk‖β . The spin
current operator is, following Eq. (6),
Jˆαs =
1
2
d
dt
∑
nk‖
mαnnk‖ = Jˆ
α
sL + Jˆ
α
sR
Jˆαsi = Γ
(
aS
dS
)∑
nk‖
[
Si ×mnnk‖
]α
(12)
where JˆαsL and Jˆ
α
sR are contributions to the spin current
due to coupling to the left and right FMI, respectively.
Consider |SL| = |SR|, then from the symmetry of the
problem one immediately concludes that JˆαsL = −JˆαsR, so
the net current flowing into the SC is zero, as indicated in
Fig. 3. Nevertheless, in what follows we show that each
of JˆαsL and Jˆ
α
sR is nonzero, and their opposite signs mean
that current flowing in from the left interface immedi-
ately flows out through the right interface, so continuity
equation is satisfied.
The spin current JysL contributed from SL alone can
5be calculated by linear response theory
JysL = −i
∫ t
−∞
dt′〈
[
JˆysL(t), HI(t
′)
]
〉
= iΓ2
(
aS
dS
)2
SxL (S
z
L + S
z
R)
×
∫ t
−∞
dt′
∑
nk‖
∑
lk′
‖
〈
[
mznnk‖(t),m
z
llk′
‖
(t′)
]
〉 (13)
The integration is the susceptibility χzz0 = −2N(0) fol-
lowed by Eq. (10), thus
JysL = −2Γ2
(
aS
dS
)2
SxL (S
z
L + S
z
R)N(0)
= 2Γ2
(
aS
dS
)2
S2 sin θN(0) (14)
Note that JysL > 0 (and hence J
y
sR < 0) is consis-
tent with the claim that the two FMI’s are coupled an-
tiferromagnetically, and the effective coupling Jeff =
2|Γ|2 (aS/dS)2N(0) is recovered.
One can view the FMI/SC/FMI junction as a combi-
nation of two FMM/FMI junctions mentioned in Sec. IV.
This is because under the proximity-induced B field,
Eq. (9), the SC is magnetized by mz = χzz0 h(θ) =
−4ΓS (aS/dS)N(0) cos (θ/2). The s−d coupling between
mz and one of the FMI’s, say SL, yields a Landau-Lifshitz
type of dynamics described by Eqs. (6) and (7), from
which the JysL in Eq. (14) is recovered. Thus the dissi-
pationless spin current is a combined effect of proximity-
induced magnetization and the Landau-Lifshitz dynam-
ics due to the s− d coupling.
FIG. 3: (color online) The FMI/SC/FMI junction studied in
Sec. V. The dissipationless spin current JysL and J
y
sR flowing
into the SC from the two interfaces have opposite polarization.
The analysis in Eqs. (11)∼(14) also applies if the
SC is replaced by a normal metal (FMI/N/FMI junc-
tion). In such case, the effective coupling between the
two FMI’s is described by the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction calculated for two parallel
walls of distance rLR, Jeff = −Γ2F (rLR). Despite the
oscillation of effective coupling with rLR, one reaches the
same generic conclusion: a spin current flows between
two FMI’s coupled via RKKY interaction, as long as their
magnetizations are misaligned.
The two 〈Si〉’s are expected to precess if they are pre-
pared to be non-collinear, again due to the commuta-
tion relation [θ, Sy] = i. This precession is, however,
unlikely to be observed in a realistic FMI/SC/FMI junc-
tion. Assuming exchange coupling to be |Γ| ∼ 0.1eV,
and N(0) ∼ 1/eV, and a junction of size dS ∼ µm and
lattice constant aS ∼ nm. They are roughly the param-
eters extracted from the experiment on Fe3O4/In/Fe3O4
junction49. They correspond to a two-spin model with
effective coupling Jeff ∼ 10−8eV, and one needs only an
external field |Bext| ∼ 1G to make a significant angle
θ between magnetization in the two FMIs. The dipole-
dipole interaction for one spin in the left bulk due to
the spins on its neighboring sites also in the left bulk
is U intradip ∼ 10−5eV≫ Jeff , which easily destroys the
Josephson precession. Moreover, in a bulk FMI, it is
unlikely that the spins can remain isotropic down to en-
ergy scale Jeff ∼ 10−8eV. Therefore the Josephson pre-
cession is unlikely to be observed. We close this section
by remarking that the two experiments on FMI/SC/FMI
junction already demonstrated the advantage of magnetic
field48,49. The Tc reduction of the SC layer as a function
of orientation of magnetization in the two FMIs, con-
trolled by strong magnetic field gµB|B| ≫ Jeff , justi-
fies the condensation energy in Eq. (10) proposed by de
Gennes, and also serves as an indirect evidence for the
dissipationless spin current.
V. CANTED ANTIFERROMAGNETIC STATE
Next, we demonstrate that the AF state of localized
spins on a bipartite lattice is also an example of the mis-
alignment principle. The insight comes from the con-
sideration of two antiferromagnetically coupled atomic
spins. Since they are precisely described by Eq. (1),
mapping to the two-spin model is trivial. If the ex-
change coupling stems from a two-site Hubbard model
in the U ≫ t limit, it is shown that the corresponding
Heisenberg model with J = 4t2/U has a spin supercur-
rent Js = J〈SL × SR〉 flowing between the two sites due
to virtual hopping of electrons, if the two spins are pre-
pared to be misaligned50. Or in a more realistic model
that contains virtual hopping of electrons between two
transition metal ions and an oxygen sandwiched in be-
tween, one reaches similar conclusions51. These mecha-
nisms that involve virtual hopping of electrons provide a
microscopic origin for the interatomic spin supercurrent.
Generalizing this two-site model to bulk AF state is
straight forward. Consider the Heisenberg model defined
on a d-dimensional square lattice
H =
∑
〈ij〉
JSi · Sj (15)
with J > 0. Define the spins on A sublattice to be SA
and B sublattice to be SB. The spin supercurrent flowing
6between A and B when 〈SA〉 are prepared to be in a
certain direction and 〈SB〉 in a different direction is
〈S˙yA〉 = zJ〈SzA〉〈SzB〉 sin θ = −〈S˙yB〉 (16)
where z is number of nearest neighbor sites that belong to
a different sublattice (z = 4 for 2D square lattice). There-
fore all the A sites have spin supercurrent flowing in from
the z neighboring B sites, again due to virtual hopping of
electrons on each bond, and all B sites have spin super-
current flowing out to the z neighboring A sites. Note
that for a lattice constant a ∼ 1nm, the dipole-dipole
interaction between localized U intradip ∼ 10−5eV is much
smaller than the AF coupling J ∼ 0.1eV, so it can be
safely ignored. The spins should precess as long as no
significant anisotropy is present.
FIG. 4: (color online) (a) Schematics of the classical energy,
Eq. (17). Whatever is the initial configuration of the spins
(red dot), the system relaxes to the energy minimum through
damping, in which a pattern of spin supercurrent persists.
(b) Pattern of spin current (black arrows) of a field-induced
canted AF state on a 2D square lattice. Spins on the two sub-
lattices, 〈SA〉 and 〈SB〉, are labeled by red and blue arrows,
respectively. The polarization of the spin current is parallel
to 〈SA × SB〉, which is determined by the magnetic field.
Since the coupling is AF, applying a magnetic field
changes the ground state configuration. The bound state
energy per two sites in the presence of a magnetic field is
Etotal = zJeffS
2 cos θ − 2gµBBS cos θ
2
, (17)
where S = 〈SzA〉 = 〈SzB〉. The angle that minimizes the
energy is
θ0 = 2 arccos
(
gµBB
2zJeffS
)
, (18)
between spins on A sites and spins on B sites. This is pre-
cisely the spin configuration calculated from the classical
energy in the canted AF state52–57, if one ignores higher
order contributions from quantum fluctuations. The pur-
pose of our simple analysis is not to capture the precise
value of the canting angle and magnetization, but to show
that this canting angle yields a spin supercurrent flow-
ing between A and B sites according to Eq. (16). The
system remains equilibrium and no precession occurs, be-
cause Larmor precession and Josephson precession are in
opposite direction and canceled each other. Whatever
is the initial angle, the system releases to θ0 through
damping, and then the spins remain static in this energy
minimum, as indicated in Fig. 4(a). The pattern of spin
supercurrent is shown in Fig. 4(b) for a canted AF state
on a 2D square lattice. Despite such a pattern of spin su-
percurrent, which should extend up to correlation length,
the alternating signs of the current on the lattice implies
that it is averaged out and unlikely to be observable in
the mesoscopic scale.
VI. COPLANAR MAGNETS WITH
NONCOLLINEAR ORDER
The discussion about the canted AF state motivates
us to search for systems where the field-induced inter-
atomic spin supercurrent can be measured on a meso-
scopic scale. In this section, we argue that for coplanar
magnets with noncollinear orders, the spin current in-
duced by an in-plane magnetic field is a generic feature
independent from many details such as dimensionality,
magnitude of the spin, and sign of exchange coupling.
These details only affect the magnitude and pattern of
the spin current. Our insight comes from the gauge in-
terpretation that connects noncollinear magnets due to
Dzyaloshinskii-Moriya(DM) interaction to spin Joseph-
son effect51. The angle between neighboring spins in the
noncollinear ground state is equivalent to an extra phase
in the spin Josephson effect. Applying a magnetic field
changes the angle between neighboring spins and hence
creates a spin supercurrent that can flow out of the sys-
tem.
We consider the coplanar spiral due to DM interaction
in either 1D chain or 2D square lattice
H =
∑
i,δ
JSi · Si+δ −Dδ · (Si × Si+δ) (19)
where δ = {a,b} for 2D square lattice with lattice con-
stants a and b, and δ = a in 1D. First we consider FM
spiral J < 0, and we choose Dδ = Dδyˆ with Dδ > 0. Eq.
(19) can be written as
H =
∑
i,δ
J˜δ
2
(
eiθδS+i S
−
i+δ + e
−iθδS−i S
+
i+δ
)
+ JSyi S
y
i+δ ,
(20)
where J˜δ = −
√
J2 +D2δ , sin θδ = Dδ/|J˜δ|, and the spin
flip operators are defined as S±i = S
z
i ± iSxi . By writ-
ing the spin configuration as 〈Si〉 = S (sin θi, 0, cos θi),
the classical energy is E =
∑
i,δ J˜S
2 cos (θi+δ − θi − θδ).
The ground state configuration is a coplanar spiral where
spins lie on xz-plane with neighboring angle θi+δ − θi =
θδ = Q ·δ, where Q is the spiral wave vector, as indicated
in Fig. 5(a).
In the presence of an in-plane magnetic field B ⊥ D,
7the classical energy is modified by
E =
∑
i,δ
J˜δS
2 cos (θi+δ − θi − θδ)−
∑
i
gµBBS cos θi .
(21)
The spin supercurrent due to virtual hopping of the elec-
trons are known to be the microscopic mechanism for the
DM interaction and cause the magnetic spiral50,51. How-
ever, this spin supercurrent cannot flow out of the system
and is not what we concern in this section. Instead, we
consider the fact that magnetic field lifts the ground state
energy of the spiral and yields a spin supercurrent that
can flow out of the system
Jys,i,i+δ = −
∂E
∂(θi+δ − θi) = −|J˜ |S
2 sin (θi+δ − θi − θδ)
(22)
since the spin dynamics is still governed by the commu-
tation relation [θ, Sy] = i. The extra phase θδ means
that the spin current that can flow out of the system is
proportional to the vector chirality defined in a rotated
reference frame
Jys,i,i+δ ∝ |κ′i,i+δ| = |〈S′i × S′i+δ〉| , (23)
where
S′zi = S
z
i cosQ · ri + Sxi sinQ · ri ,
S′xi = −Szi sinQ · ri + Sxi cosQ · ri ,
S′yi = S
y
i . (24)
The polarization of the spin current points out of plane
µ ‖ yˆ. Eq. (23) is similar to that defined for systems
without DM interaction34–36, except the extra phase in
Eq. (22) requires the vector chirality to be defined in
a rotated reference frame. The spin current that can
flow out of the sample is zero51 when B = 0 because
θi+δ − θi = θδ, or equivalently κ′i,i+δ = 0. A magnetic
field creates a spin current simply because its presence
modifies the angle of each spin, such that θi+δ − θi 6=
θδ and consequently the rotated vector chirality 〈S′i ×
S′i+δ〉 6= 0.
An issue of coplanar magnets in an in-plane magnetic
field is that if the magnetic order stays coplanar, or un-
dergoes a certain flop transition that develops out-of-
plane component. Numerous noncollinear magnets are
known to undergo such flop transition, most notably in
RMnO3 (R=Gd, Tb, Eu, Y, or Ty)
58–63, ZnCr2Se4,
64
and DyFeO3,
65 where the flopping of magnetic order is
indicated by measuring the electric polarization Pij ∝
eˆij × (Si × Sj)51,66. Here eˆij is the vector that connects
site i and j. Below we show that the classical energy de-
scribed by Eq. (21) already shows hints for a flop transi-
tion. Consider the spin Si buckles out of plane for a small
angle γi from the coplanar state described by Eq. (21).
The energy of this buckling state is
E′ =
∑
i,δ
J˜δS
2 cos γi cos γi+δ cos (θi+δ − θi − θδ)
+ JS2 sin γi sin γi+δ −
∑
i
gµBBS cos γi cos θi
≈ E −
∑
i,δ
J˜δS
2
(
γ2i + γ
2
i+δ
2
)
cos (θi+δ − θi − θδ)
+ JS2γiγi+δ +
∑
i
gµBBS
γ2i
2
cos θi
= E +∆E (25)
where E is that described in Eq. (21). It is clear that
∆E < 0 (> 0) favors (disfavors) buckling. For long wave
length spiral Dδ ≪ |J |, and writing θi+δ−θi = Df/|J | ≈
Dδ/|J | ≈ θδ, the energy gain is
∆E ≈
∑
i,δ
|J | (γi − γi+δ)
2
2
+
∑
i,δ
|J |
(
γ2i + γ
2
i+δ
2
)
Df
|J |
(
Dδ
|J | −
Df
2|J |
)
+
∑
i
gµBBS
γ2i
2
cos θi (26)
The first two terms on the right hand side of Eq. (26)
are positive, which disfavors bucking, but the third term
due to magnetic field can be of either sign. Therefore
in principle the spins can buckle out of plane to save
energy at certain magnetic field strength, indicating a
certain flop transition. Certainly to precisely model the
flop transition for a particular compound, one needs to
take into account the anisotropy due to crystalline sym-
metry. Nevertheless, our calculation indicates that the
flop transition can be solely driven by the competition
between DM interaction and the magnetic potential en-
ergy.
The best way to produce a (nearly uniform and sta-
ble) spin current that can flow out of the sample is to
apply a strong magnetic field gµB|B| ≫ Dδ, such that
all the spins point along the direction of the magnetic
field θi+δ = θi = 0, as indicated in Fig. 5(b). The spin
current on each bond is then
lim
gµBB≫Dδ
Jys = |J˜ |S2 sin θδ = |J˜ |S2
Dδ
|J˜ | = DδS
2 (27)
which only depends on the DM interaction and magni-
tude of the spins. Since the exchange interaction part
of the classical energy(first term in Eq. (21)) is much
smaller than the magnetic potential energy(second term
in Eq. (21)) in this limit, one can disregard the small
vibration or precession due to transfer of angular mo-
mentum, and the spin current is fairly stable. Note that
buckling out of plane is disfavored in this limit, since
θi = 0 makes the third term in Eq. (26) also positive,
8hence ∆E > 0. One reaches the conclusion that in both
gµB|B| = 0 and gµB|B| ≫ Dδ limit the spins remain
coplanar, although somewhere in between a flop transi-
tion occurs according to Eq. (26).
FIG. 5: (color online) (a) A coplanar spiral order at zero field
(left panel) and schematics of the ground state (red point)
in the classical energy versus neighboring angle plot (right
panel). (b) The strong in-plane magnetic field gµBB ≫ Dδ
forces the spins to point at the same direction (left panel).
The lifting of ground state energy (right panel) creates a uni-
form spin current Js = DδS
2 with out-of-plane polarization
µ.
The same analysis also applies to an AF spiral, as
we demonstrate below. Consider Eq. (19) again but
J > 0, then J˜δ =
√
J2 +D2δ > 0, sin θδ = −Dδ/J˜δ,
and Eq. (20) is still applicable. We parameterize
the angle of the spins in the following way: we de-
note the magnitude of spin, as if it is a FM spiral,
by 〈SFM 〉 = S(sin θi, 0, cos θi). The true AF spins are
denoted by 〈S〉 = S(sin θ˜i, 0, cos θ˜i). Apparently θ˜i =
θi +Mod [i, 2] · π. In equilibrium, θi+δ = θi + θδ, hence
θ˜i+δ = θ˜i + {Mod [i+ δ, 2]−Mod [i, 2]} · π + θδ
= θ˜i + (−1)iπ + θδ (28)
Together with an in-plane magnetic field B ⊥ D, the
classical energy is
E =
∑
i,δ
−J˜δS2 cos
(
θ˜i+δ − θ˜i − (−1)iπ − θδ
)
−
∑
i
gµBBS cos θ˜i
=
∑
i,δ
−J˜δS2 cos (θi+δ − θi − θδ)
−
∑
i
gµBBS(−1)i cos θi (29)
On the basis of θi, Eq. (29) has the same form as Eq.
(21) for a FM spiral, except the magnetic potential has
an additional (−1)i factor due to alternating spins.
The spin current on a particular bond is
Jy,AFs,i,i+δ = −
∂E
∂(θ˜i+δ − θ˜i)
= −J˜δS2 sin
(
θ˜i+δ − θ˜i − (−1)iπ − θδ
)
.(30)
Notice that we should use θ˜i to calculate the spin cur-
rent because it is the direction of the true spin. The po-
larization of the spin current again points out of plane.
At small field, the angular momentum transfer due to
spin current again makes the spin configuration to be
dynamic. At gµB|B| ≫ J , all spins align to θ˜i ≈ 0, so
lim
gµBB≫J
Jy,AFs,δ = −J˜δS2 sin
(−(−1)iπ − θδ) = DδS2 ,(31)
which is again only determined by DM interaction and
magnitude of the spins, and is stable since all spins
are pinned by the strong magnetic field. To reach this
gµB|B| ≫ J limit is, however, practically impossible
at present, since a typical value of exchange coupling
J ∼ 0.1eV implies a huge B field. Nevertheless, our
calculation shows that this field-induced spin current is a
robust feature regardless the sign of exchange coupling.
The point is that as long as the coplanar magnet is lifted
from its ground state by certain means (here by magnetic
field) but the spins remain coplanar, the commutation
relation [θ, Sy] = i ensures the existence of a spin super-
current that can flow out of the system. For spin textures
that are not confined in a plane, such as those created
by a B field that has three-dimensional character67, we
anticipate that a spin supercurrent can also occur. In
this case one has to use the full commutation relation[
Sα, Sβ
]
= iǫαβγSγ to calculate the spin supercurrent
and work out the corresponding spin dynamics (if any),
which requires further investigations.
A variety of multiferroics are known to display spi-
ral, helical, or more complicated noncollinear order, in-
cluding Tb2Mn2O5
68,69, Eu1−xYxMnO3
70, Ni3V2O8
71,
LiCuVO4
72–76, LiCu2O2
77–79, MnWO4
80, TbMnO3
81,
CoCr2O4
82, and BiFeO3
83. The interest on these ma-
terials partially comes from their connection to electric
polarization P, especially to test the interplay between
magnetism and ferroelectricity. A trend of at least sev-
eral of these materials is that in large field, typically
|B| ∼ 10T, they indeed undergo a transition to (mod-
ulated) collinear order75,83. Thus our rough estimation
solely based on classical energy at least qualitatively cap-
tures the magnetic ordering at large field. The claim is
that if the collinear state of these materials comes from
applying a strong B field in a coplanar state, then it con-
tains a uniform spin current up to the scale of correlation
length.
The spin supercurrent can be varified by detecting the
voltage drop associated with the induced electric dipolar
field84. The typical spiral wave length is ∼ 100 lattice
constants, so D ∼ 1meV if J ∼ 100meV, which means
|B| ∼ 10T can make all the spins parallel, consistent
9with that reported in Ref. 83. According to Eq. (27),
for a wire of µm thickness and lattice constant ∼nm,
the spin supercurrent produced in this parallel config-
uration is ∼ 1018µB/s, hence a electric dipolar field84
|E| ∼ 10−2V/m at distance r ∼ 10−5m away from the
surface of the wire. The voltage drop for two probes that
are ∼ 10−5m apart is 10−7V, which is easily within the
reach of current experimental technique.
VII. CONCLUSIONS
In summary, we demonstrate that a dissipationless spin
current flows between two coupled ferromagnets if their
magnetizations are misaligned. On a phenomenological
level, this principle is analogous to Josephson effect, in
the sense that the dissipationless spin current is propor-
tional to sine of the misalignment angle Jys ∝ sin θ, which
is a result of the commutation relation [θ, Sy] = i that
is analogous to
[
φ, Nˆ
]
= i in Josephson effect. The mi-
croscopic mechanisms for the dissipationless spin current
depend on the nature of the two ferromagnets, whether
they are metallic or insulating: In a FMM/I/FMM junc-
tion, it is due to proximity-induced phase gradient of
the magnetization. In a FMM/FMI junction, the in-
terface s− d coupling between conduction electrons and
localized spins yields a Landau-Lifshitz type of dynam-
ics. In a FMI/SC/FMI or FMI/N/FMI junction, it is the
combination of proximity-induced magnetization and the
Landau-Lifshitz dynamics at the interfaces that generate
the dissipationless spin current. On the other hand, it
has been shown that in a bulk magnetic insulator, the
spin supercurrent is related to the vector chirality that
originates from virtual hopping of electrons. We empha-
size that none of these mechanisms explicitly depends on
scattering with impurities or phonons.
We further propose that the B field is an efficient han-
dle to create the misaligned magnetizations. A static,
uniform B field can be used to induce the magnetization
in one of the two coupled systems, or it can be applied
to a bulk magnetic insulator to affect the collinear or
noncollinear magnetic order, which allows challenge in
the detection of the dissipationless spin current. Sev-
eral experimental techniques are proposed to indirectly
measure the dissipationless spin current, including using
polarization-sensitive probes to measure the proximity-
induced magnetization in the FMM/I/FMM junction,
measuring Tc reduction in FMI/SC/FMI junction (al-
ready demonstrated in Ref. 48 and 49), and comparing
the electric polarization of multiferroics in the presence
and in the absence of a B field. The misalignment prin-
ciple and the use of a B field provide a practical way
to generate dissipationless spin current on a mesoscopic
scale, and indicate its application in device building. This
possibility will be explored in a forthcoming study.
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